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For any set A of natural numbers let F(x, A) denote the number of natural 
numbers up to x that are divisible by no element of A and let H(x, K) be the 
maximum of F(x, A) when A runs over the sets not containing 1 and having a sum 
of reciprocals not greater than K. A logarithmic asymptotic formula is given for 
H(x, K)---in particular it shows H(x, K) < xf for K > K,(stand some related 
problems are discussed. 
1. INTRODUCTION 
Let A be a set of natural numbers and let F(x,A) denote the number of 
natural numbers n <x, which are divisible by no element of A. In the first 
part Erdiis and I proved that 
F(x, P) > cx (1.1) 
if P is a set of primes and 
c is a positive constant, depending on K. Here we show that the picture 
changes considerably if we drop the condition of primality. 
Let 
H(x, K) = min F(x, A), 
where A runs over the sets satisfying the conditions 
2: l/a<K, 1 &A. 
(IEA 
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Schinzel and Szekeres [4] showed that 
H(x, 1) -0(x) 
(not stated explicitly by them). Our aim is to establish the surprising 
phenomenon that 
H(x, K) < xc for K > K,,(E). 
More precisely, we have 
THEOREM I. For K > 1 we have 
lim lois Wx, K) = ,--K x-00 logx e . 
Concerning Schinzel and Szekeres’ result we shall prove 
THEOREM II. We have 
-=<H(x, l)< 
log x (logXx)Q ’ 
where c, , c2 are positive constants. 
The upper bound in Theorem II is given by Schinzel and Szekeres’ 
construction; the upper bound in Theorem I is also based on it. 
The situation changes again if we sift by nonzero residue classes. Consider 
the congruence systems 
b,(mod a,) ,..., b,(mod a,) 
such that 
and every integer 1 < m <x satisfies at least one congruence 
m c bj (mod aj). 
Let 
p(x) = min 2 l/aj, 
j=l 
where (aj} runs over all these systems (n is not fixed). Then 
262 IMRE Z.RUZSA 
THEOREM III. 
f < p(x) < log ; + D( l/x). 
Note that log $ z 0.91629073 < 1. I can improve the lower bound a little 
(to log (2536/52232) =: 0.5675438), but I cannot determine the exact value; I 
cannot even prove that lim,p(x) exists. 
2. THE SCHINZEL-SZEKERES SET 
In this section we state and prove some auxiliary results concerning the set 
mentioned in the title. 
Let TX be the set of numbers 1 < IZ <x satisfying pn > x, where p is the 
least prime divisor of n. Let S,(this is the Schinzel-Szekeres set) consist of 
the “primitive” elements of TX, that is, those elements of TX having no 
proper divisors that belong to TX e S, is easily seen to have the following 
property: 
LEMMA 2.1. If m, nES,, m fn, then {m, n) > x. ((m, n) denotes the 
least common multiple of m and n.) 
LEMMA 2.2. If 1 < n < x and n is divisible by no element of S,, then 
log n 
r(n) 2 ~ 
lo&/n) ’ 
where z(n) denotes the number of divisors of n. 
Proof: Let 
n = p;’ . . . p;lk, Pl < P2 < “’ < Pk. 
We have 
p9’ + ’ pj”:; . * f pi” < x, j = 1, 2 ,..., k, 
otherwise we should have 
(2.3) 
(2.4) 
d= p,“jpF,‘; . . . p;kE TX, 
so that n would be divisible by an element of TX, which, by the definition of 
S,, involves divisibility by some element of S,. 
Forming the 
aj/(aI + l)(a2 + 1) ..a (aj + 1)th 
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power of (2.4) for each j= l,..., k and multiplying the corresponding 
inequalities we get 
n <zPb, b = l/(a, + 1) ... (a/( + 1) = l/r(n), 
which is equivalent to (2.3). 
LEMMA 2.5. With a suitable positive constant c3 < 1 we have 
F(x, S,) ,< x log -c) x. 
Proof. We are going to estimate the number of it’s satisfying (2.3). 
Evidently we may assume n > x/log x, and hence 
r(n) > (log x)/log log x. (2.6) 
We have (Ramanujan [2], Wilson 141; cf. also Erdiis and Sirkiizy [ 11) 
s 5(ny - c(a) x log*a-‘x (X’cQ> 
n<x 
for every real a, with positive constants c(a). Therefore the number of n’s 
satisfying (2.6) is 
0(x log -0 x(log log x>=>, /?=l+a-2=. 
Choosing any 0 < a < 1 we obtain the desired bound; the best value is 
- lois log 2 a = 
log 2 
z 0.52876637, 
P= log log 
2 - 2 - 1 
log 
log z 0.08607133. 
2 
It would be interesting to give an asymptotic formula for F(x, S,); the 
above estimate is far from the optimal. 
Since obviously for every set A we have 
we get 
2 l/a > 1 - F(x, ‘4)/x, 
a EA 
(2.7) 
this was needed in Schinzel and Szekeres’ paper, which aimed to construct a 
set having the 1.c.m. property of Lemma (2.1) and having a large sum of 
reciprocals. We need an estimate from the opposite side. 
041'14/2-IO 
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LEMMA 2.8. Let A c [2, x ] be a set of integers satisfying (m, n) > x for 
allm,nEA,m#n.If 
then 
F(x, A) = 6x, 6=6(x,A), 
\‘ l/a < 1 + 3 fi 
OGA 
Remark. It is not known whether 
\‘ l/a < 1 + E 
OE.4 
must hold for all sets A with this 1.c.m. property and x > x0(s). Neither do 
we know if 
\‘ l/a > 1 
OE4 
may occur for large x; the only example known is A = (2,3, 5). for x = 5 or 
6. 
Proof: For y < x we have 
F(Y,A) = Iv1 - \‘ Idal a 6.4 
(the further terms in the sieve formula vanish because of the 1.c.m. property). 
Hence (m need not be integral) 
mF(x/m, A) - F(x, A) 
= o;4 ([$I -m [$I) -(x-mlxlml). (2.9) 
Since 
x/a-m[x/ma]> 1 
holds for a > x/m, (2.9) yields 
IAn(x/m,x]l<(m-l)F(x,A)+m. 
Finally, 
\‘ ‘Q 
ZA a [ 1 f +JAI<x+x/m+(m-2)F(x,A)+m. 
Choosing m = d-I/’ we obtain the required inequality. 
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I can improve this estimate to 1 + O(6 log S-‘); I conjecture it holds with 
1 + O(6). 
LEMMA 2.10. For all x with a positive constant c, < 1 we have 
\‘ l/a < 1 + O(log -‘” x). 
QGY 
Proof. Immediate consequence of Lemmas 2.1, 2.5 and 2.8. 
3. THEOREMS I AND II: UPPER BOUNDS 
The Upper Estimate in Theorem II 
Let A be a maximal subset of S, with sum of reciprocals less than 1. As 
S, consists of elements greater than fi, we have by Lemma 2.10 
\‘ 
afiS,CI 
l/a = O(logec4 x), 
and hence, by Lemma 2.5, 
F(x, A) < W, S,) + 0(x log-c1 x) = o(x log-c* x), 
where cz = min(c,, c4). 
The Upper Estimate in Theorem I 
Let A consist of the primes in [ y, x] and the elements of S,. We are going 
to prove 
F(x,A)<?i (3.1) 
and 
\‘ l/a < 1 + (log log x - log log y) + D( 1) (3.2) 
ClCA 
if 4’ -+ co ; (3.1) and (3.2) yield the required estimate on choosing y = xe’ h +‘. 
Also, (3.2) evidently follows from Lemma 2.10 and the well-known formula 
x l/p=loglogx+c+~(l). 
P<X 
To prove (3.1) we show that every number y < n < x is divisible by some 
element of A. Let 
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If pk > y, we are finished. If not, then there is a j < k such that 
PjP,i+ 1 ... pk > y>p,,,, ... pk=d. 
We have d E T,, because 
Pi+ Id> PjPj+ 1 .‘a Pk > Yi 
thus n has a divisor from T, and therefore also from S,. 
4. THEOREMS I AND II: LOWER BOUNDS 
The Lower Estimate in Theorem II 
We are going to show that 
F(x, A) > cx/log x 
given that 
\‘ l/a < 1, 1 @A. 
llEA 
Consider the primes x/2 < p < x. Their number is -x/(2 logx). If at least 
x/(5 log x) of them do not belong to A, we are finished since they cannot be 
divisible by elements other than themselves. If at least x/(5 log x) of them 
belong to A, then we have 
\‘ 
~eA7>x,2 
l/p > l/(5 log x). 
hence 
l/a x > 
1Ologx’ 
o<xlZ 
One of these possibilities must happen for x > x,,. 
The Lower Estimate in Theorem I 
This will be proved in the following form: if F(x, A) < xh, h < 1, then 
v l/a> 1 -logh+a(l) - 
OEA 
asx+co. 
(4.1) 
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Let y = xh log x and regard the primes y < p < x. They must belong to A 
with at most xh exceptions, hence 
- l/a > x I/p -x’ly K;’ 
(IEA.O>Y Y<P<X 
=loglogx-loglogy+o(l)=-logh+0(1). (4.2) 
For the elements a < y we apply (2.7), giving 
r 
LIEAla <Y 
l/a> 1 -E;(y,A)/y> 1 -x’/y= 1 +0(l). 
Adding (4.2) and (4.3) we obtain (4.1). 
(4.3) 
5. PROOF OF THEOREM III 
The lower bound is obvious: a congruence bj (mod aj) has at most 
[X/aj] + 1 < 2X/aj 
solutions. To get the upper bound let x = 5n + r, 0 < r < 5 and regard the 
congruences 
j(mod 4n - 2j), l<j,<n, 
n + j(mod 4n + 1 - 2j), l<.i<n, 
2n + j(mod 4n + j), l<j<n. 
As modules they use up the numbers of [2n, 5n] and they cover the interval 
[ 1, 5n] with the exception of 4n. Now add the congruence 2 (mod 2n - 1) to 
cover 4n and the congruences 0 (mod 5n + k), 1 < k ,< r to cover the interval 
(54 xl. 
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